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SOME THEORETICAL PREDICTIONS O F  MASS AND ELECTRON DENSITY OSCILLATIONS 
BASED ON A SIMPLE MODEL FOR TURBULENT WAKE M1XING’:C 

by 
Andrew P. Proudian,  Senior  Scient is t ,  and Saul Fe ldman,  Technical  D i r e c t o r  

Heliodyne Corporat ion 

1 - Introduct ion 

In o r d e r  to pred ic t  the r a d a r  backsca t te r  of 
turbulent wakes of hyperveloci ty  objects  flying 
through the a tmosphere ,  i t  is n e c e s s a r y  to know 
some of the s ta t i s t ica l  p roper t ies  of the d ie lec t r ic  
constant of the turbulent medium. 
the c h a r a c t e r i s t i c s  of the e lec t ron  densi ty  fluctua- 
t ions in the wake, and, in par t icu lar .  the intensity 
of the electron densi ty  fluctuations m u s t  he known.+ 

Correspondingly, 

D i r e c t  m e a s u r e m e n t s  of the  e lec t ron  densi ty  
fluctuations i n  a turbulent  wake p lasma do not ex is t  
in the  l i t e r a t u r e  to date .  Rothman e t  a\ . l  have p e r -  
formed such m e a s u r e m e n t s  for  the c a s e  of a rocket  
exhaust,  using a n  ion probe and a microwave e lec-  
t ron  probe. In the c a s e  of wakes ,  however,  only 
indirect  and spat ia l ly  unresolved m e a s u r e m e n t s  
such as r a d a r  backsca t te r  m e a s u r e m e n t s 2  have 
been made. On the o t h e r  hand, labora tory  m e a -  
s u r e m e n t s j ,  of the osci l la t ions of m a s s  dens.ity 
i n  the wake of hypersonic  pro jec t i les  using shadow 
photographs and dens i tomet ry  techniques,  can de-  
t e r m i n e  the l a t t e r  with fa i r ly  good spat ia l  resolu-  
tion. Thus,  i t  would he very  usefu l  to be able  to 
infer  the e lec t ron  densi ty  fluctuation c h a r a c t e r -  
i s t i c s  in a wake f r o m  the corresponding fluctua- 
tions in m a s s  density.  In fact ,  the ampli tudes of 
e lec t ron  density and m a s 6  densi ty  fluctuations i n  
wakes  have somet imes  been roughly equated in 
computations of wake r a d a r  c ross -sec t ions .  A s  
will  be shown, such a procedure  is  not justif ied.  

~ 

In the p r e s e n t  paper ,  a n  at tempt  is made  to 

the YitY rela te  the ampli tude of m a s s  and e lec t ron  
fluctuations i n  a turbulent hypersonic  wake 0 

b a s i s  of a s imple model for  the wake s t ruc ture .  
The a s s u m e d  wake s t r u c t u r e  is der ived on the 
h a s i s  of physical  a rguments  concerning the proc-  
e s s e s  of turbulent  wake mixing and growth. The  
model pred ic t s  l a r g e  values  of m a s s  density fluc- 
tuations i n  the wake and is in that r e s p e c t  consis-  
tent  with experimental  observation. It s imi la r ly  
pred ic t s  wide differences in the intensit ies.  of mass 
and e lec t ron  density osci l la t ions,  except  in unusual 
c i rcumstances .  

The main v i r tue  of the p r e s e n t  model l i e s  in 
i t s  s implici ty ,  r a t h e r  than i n  i t s  abil i ty to make  

a c c u r a t e  predict ions.  
extended (par t icu lar ly  to include chemica l  r e a c -  
t ions)  before  i t  can  be meaningfully applied to 
obtain quantitative r e s u l t s  f o r  hypersonic  r e - e n t r y  
wakes.  

I t  r e q u i r e s  to he refined and 

2 - S t r u c t u r e  and Growth of the Turbulent  Wake 

The  present  sect ion is devoted to a d iscus-  
sion of a model f o r  the turbulent  wake c o r e  which 
r e p r e s e n t s  the l a t t e r  as  consis t ing of two p a r t s :  a 
relat ively hot portion of homogeneously mixed gas ,  
and a relat ively cold portion represent ing  fluid en- 
gulfed by the expanding turbulent c o r e ,  but which 
has not y e t  mixed on the molecular  s c a l e  with the  
c o r e  gas .  The  physical a r g u m e n t s  behind such a 
model are f i r s t  d i scussed  in Sec .  2. 1, together  
with exper imenta l  evidence which may be adduced 
i n  favor  of such a model.  Section 2. 2 then p r e s e n t s  
a s imple  analyt ical  model  of wake mixing which 
leads  to the ‘two-fluid‘ s t r u c t u r e  of the wake and 
introduces a ‘ lag- t ime‘  o r  ‘ lag-dis tance’  f o r  mixing 
of newly engulfed fluid with the remainder  of the 
wake gas .  An a t tempt  i s  a l s o  made to re la te  this  
lag to kinetic energy  of the wake turbulence.  

2. 1 - Physical  Model of Wake St ruc ture  

The wake of hypersonic  blunt bodies con- 
s i s t ~ , ~  a t  sufficiently high Reynolds n u m b e r s ,  of a n  
inviscid outer  wake and a viscous turbulent inner  
wake. This  wake s t r u c t u r e  i s  well-known and need 
not  he descr ibed  h e r e .  It i s  sufficient to r e c a l l  
that  the turbulent  wake c o n s i s t s  init ially (i.  e. ,  a t  
the neck)  of the g a s  contained in the f r e e  s h e a r  
l a y e r s  shed f r o m  the body upon separa t ion  of the. 
boundary l a y e r  and that i t  grows with downst ream 
dis tance,  and eventually engulfs the en t i re  (or ig i -  
nally inviscid)  ou ter  wake. 

Exper imenta l  observat ions of turbulent wakes 
i n  hyperveloci ty  ranges32 4 and of turbulent  sub-  
sonic wakes63 7 revea l  that  the turbulent wake pos- 
sesses a s h a r p  f ront  which s e p a r a t e s  i t  f r o m  the  
non-turbulent outside fluid. 
accepted notions i n  the theory of turbulence.8 the  
turbulent wake cons is t s  of eddies  of widely var ied  
s i z e s .  Most  of the kinetic energy  of turbulence is 
contained in the relat ively l a r g e r  eddies ,  while the 

According to present ly  

s m a l l e r  eddies  a r e  responsible  f o r  m o s t  of the v is -  
cous diss ipat ion of kinetic energy  into hea t .  The 
very  l a r g e s t  eddies do not contain much energy  hut 
they a r e  important  in contorting the wake sur face .  
T h e r e  is a continuous t r a n s f e r  of turbulence energy  
f r o m  eddies  of a given s ize  to smaller eddies ,  the 

::(This r e s e a r c h  i s  a p a r t  of P r o j e c t  DEFENDER 
sponsored by the Advanced R e s e a r c h  P r o j e c t s  
Agency, Department  of Defense,  under  ARPA 

,.a - O r d e r  No. 360-62. 
I 

r a t e  of t r a n s f e r  depending on the eddy s ize .  
l a r g e  energy  containing eddies  have a relat ively 
long l i fe t ime,  w h e r e a s  the small energy  diss ipat ing 

The  t The r a d a r  c ross  sect ion depends in par t icu lar  07 
the square  of the mean value of e lectron density 
fluctuations.  mmlw - \ 



e?.iies have much s h o r t e r  l i fe t imes.  
thc eddy lifctirne d e c r e a s e s  rapidly with eddy si%: 

In general ,  

The growth o i  Lhe t u r h d e n t  wake and the 
manner  in which it engulfs outer  fluid may be 
broadly cha rac t e r i zed  as  follows: The local  prop- 
agation of the turbulent f ront  bounding the wake 
c o r e  occur s  by diffusion of vorticity fluctuations 
into the outer  f l u i d . 7 ~  8 The diffusion is ini t ia ted 'by 
the sma l l e s t  eddics.  since they r e p f 8 Z n t  the 
g r e a t e s t  velocity gradients .  
bulence energy  to the previously non-turbulent 
fluid is accomplished by the energy  containing 
eddies ,  which t r a n s f e r  energy  to the vorticity dif- 
fused into the outer  fluid by the sma l l  eddies.  In 
the above manner ,  turbulence is genera ted  into 
previously quiescent fluid. 

The t r a n s f e r  of t u r -  

The mixing of ou te r  fluid into the turbulent 
c o r e ,  as  distinguished f r o m  the t r a n s f e r  of turbu- 
lence energy, probably is due to l a rge - sca l e  mix-  
ing by the l a r g e  eddies  which d i s t o r t  the c o r e  
boundary, though they do  not themselves  contain 
much energy. Only these eddies can be expected 
to be effective in mixing outer  fluid into the wake, 
the s m a l l e r  eddies serving to diffuse vorticity 
fluctuations. 

The  impor tan t  f ea tu re s  of the above admi t -  
tedly superf ic ia l  descr ipt ion of the turbulent wake 
and i t s  growth a r e  simply that  the ou te r  fluid is  
mos t  probably mixed into the c o r e  by l a r g e  scale  
eddies and that the turbulent f ron t  r e p r e s e n t s  the 
boundary between different types of velocity f i e lds  
and that consequently differences in composition o r  
density between turbulent and quiescent  fluid a r e  
not instantaneously e r a s e d  a s  the wake engulfs the 
l a t t e r .  

Thus ,  a t  l e a s t  initially, the outer  fluid i s  
mixed into the wake in relatively l a r g e  ' lumps ' .  
which contain vorticity fluctuations to a g r e a t e r  o r  
l e s s e r  extent, but which retain,  in pa r t i cu la r ,  
their  init ial  relatively low tempera ture .  Th i s  
gives r i s e  to a coa r se -g ra ined  s t ruc tu re  of the 
turbulent wake, which h a s  been noted previously 
by Her l in  and Hermann,9  f o r  instance.s  The ex- 
pe r imen t s  of Slat tery and Clay3' appea r  to con- 
f i r m  such a wake model. Indeed, the l a r g e  m a s s  
density fluctuations which they m e a s u r e  in the wake 
would be ve ry  difficult to explain on the b a s i s  of a 
well-mixed wake. Turbulent velocity, t empera -  
ture ,  and p r e s s u r e  fluctuations can  be reasonably 
expected to genera te  density fluctuations of no 
m o r e  than a few percent ,  w h e r e a s  the observed  
values range up to ninety percent .  
ing of hot and cold lumps ,  on the other  hand, can  
be expected to predict  density fluctuations of the 
observed  magnitude, as is shown in Section 3. 

A wake consis t -  

Similar ly ,  the observa t ions  of Slat tery and 
Clay that the co r re l a t ion  lengths of the m a s s  den- 

:xHerlin and Hermann r e f e r  to the s t ruc tu re  a s  a 

. .  
sity fluctuations in  wakes  are  of the o r d e r  of a 
body d i a m e t e r  can be cons idered  to a rgue  in  favor 
of a coa r se -g ra ined  wake s t ruc tu re .  

The preceding considerations and in t e rp re t a -  
tions of exper imenta l  r e su l t s  thus indicate that a 

s t r u c t u r e  of volumes of newly engulfed outer  fluid 
embedded in a m o r e  homogeneous c o r e  is a t  l e a s t  
plausible. In the next sub-section, a very  s imple  
model of such a coa r se -g ra ined  wake is  discussed.  

wake s t r u c t u r e  consisting of a c o a r s e  gra ined  LJ 

2.  2 - Simple Wake Mixing Model 

In the preceding sub-section, i t  was  a rgued  
that  relatively l a r g e  lumps  of inviscid fluid a r e  
mixed into the turbulent wake c o r e  a s  the l a t t e r  
grows behind a body. The subsequent mixing of 
this entrained g a s  in a m o r e  int imate  manner  with 
the c o r e  gas  depends on the turbulence intensity 
and molecular  diffusion in  the wake, o r  m o r e  p re -  
c isely,  on the eddy and molecular  diffusion co- 
efficients.  When the intensity of turbulence i s  high, 
the redistribution of inhomogeneities i n  the wake is 
effected essent ia l ly  by random convection by the 
turbulent f ield,  f o r  inhomogeneities whose scale  i s  
not below the "cut-off" scale  f o r  velocity fluctua- 
t ions s e t  by viscosi ty  effects.  The effects  of mo-  
l ecu la r  conduction and diffusion a r e  negligible fo r  
inhomogeneities of such  a scale .  Below the "cut- 
off" s ca l e  of turbulence,  however,  molecular  
effects dominate and act to e r a s e  sma l l  scale  in- 
homogeneities.  In the absence  of molecular  diffu- 
sion and conduction, the effect  of eddy diffusivity - 
( o r  random convection) is to b reak  up l a r g e  volume 
e l emen t s  into s m a l l e r  ones  (down to the cut-off 
s ca l e )  and. t he re fo re ,  to i n c r e a s e  mean gradients  
r a the r  than d e c r e a s e  them.  The i n c r e a s e  in mean 
gradients  l eads  however to inc reased  molecular  
diss ipat ion,  so that  eddy diffusion indirect ly  leads 
to dissipation of inhomogeneities. 

, 

The p r o c e s s  of mixing in  the e a r l y  portions 
of the wake where  the turbulence intensity i s  high 
may therefore  be approximately viewed as follows: 
The  newly entrained, relatively l a r g e  volume e l e -  
men t s  in the wake are broken up into e v e r - s m a l l e r  
e l emen t s  by random convection. 
cha rac t e r i s t i c  of turbulence,  p roceeds  without 
apprec iab le  molecular  effects  until the s i ze  of the 
volume e lements  and the result ing gradients  a r e  
such that molecular  effects become impor tan t  and 
e r a s e  the inhomogeneities, leading to a well-mixed 
s t ruc tu re .  If the ' take-over '  of molecular  effects 
is sufficiently sha rp ,  t h e r e  will  be a negligible 
f ract ion of gas  which is nei ther  unmixed nor  com-  
pletely mixed (on the molecular  level ,  that  i s ) ,  and 
the c o r e  wil l  consis t  of gas in  essent ia l ly  two 
s t a t e s  only, namely the unmixed s ta te  cor respond-  
ing to the s ta te  of the newly en tered  fluid, and the 
mixed state,  corresponding to the s ta te  of the g a s  
which h a s  been within the turbulent c o r e  long 
enough to be thoroughly assimilated.  

This  b reak  up 

w' . 

In the f a r  wake, where  the turbulent veloci- 
ties have oresumablv  died down, the above model "marble-cake"  s t ructure .  @wbw-:-lil- -~~ ~ I~ 



i s  not expected to hold. The eddy diffusivity i s  
probably no longer  v c r y  important ,  and the break  
up of the lumps no longer  o c c u r s  very  efficiently.  
The tempera ture  inhomogeneities then decay e s -  
sentially by conduction. In fact ,  sufficiently f a r  
downst ream all veloci t ies  will  have essent ia l ly  
died down. Thus,  the  final s teps  of t h e r m a l  equal- 
ization proceed pure ly  by molecular  diffusion. The 
l imi t s  of application of the 'two-fluid' model i s .un-  
doubtedly dependent on Reynolds number  and body 
geometry,  and may not be applicable a t  al l  when 
the turbulent  intensity is v e r y  low, corresponding 
to very  s m a l l  Reynolds numbers .  

The net effect  of the mixing p r o c e s s  descr ibed  
above i s  to eventually mix fluid enter ing the turhu- 
len t  c o r e  hornogencously with the c o r e  gas .  The  
mixing does not o c c u r ,  however ,  instantaneously 
as the fluid e n t e r s  inside the turbulent f ront ,  but 
a f t e r  s o m e  lag  in t ime and therefore  downst ream 
dis tance,  which depends on the intensity of turbu-  
lence and on the molecular  viscosi ty  and diffusivity 
in the wake. The above mixing model is therefore  
in te rmedia te  between the homogeneous mixing.  
model which a s s u m e s  instantaneous mixing, and 
the inviscid random convection model of ObukhoflO 
and C o r r s i n , l l  i n  which i t  is a s s u m e d  that  molecu-  
lar mixing docs not occur  a t  all. 
e x t r e m e s  cor respond to a z e r o  and infinite lag r e -  
spectively.  A quasi-one dimensional  model f o r  
(chemical ly  react ing)  turbulent wakes h a s  been 
analyzed by Lin and J l a y e s l Z  f o r  the e x t r e m e  c a s e s  
of homogeneous mixing and inviscid random convec- 
tion. 
reac t ions  and mixing in the wake for finite l a g s  can  
s imi la r ly  be wr i t ten  and const i tutes  a simple gen- 
eral izat ion of the work of Lin and Hayes.  

2. 3 - Equations Descr ibing Quasi-One Dimensional  
Model for  Wake Mixing with L a g  

The two above 

A se t  of equations descr ibing the chemica l  

The  model of a wake consisting of homoge- 
ncously mixed 'o ld '  fluid and unmixed 'new8 fluid in 
var ious s tages  of break  up can  he adequately de-  
scr ibed by a quasi-one dimensional  wake model ,  in 
which thr: mean  turbulent wake boundary is a s s u m e d  
to be specified.  The model is i l lus t ra ted  in F ig .  1. 
The fluctuations in the turbulent f ront  a r e  ignored. 
The growth of the turbulent wake i s  represented  by 
the flux of ou ter  inviscid fluid into the turbulent 
c o r e  through the wake boundary. The  enter ing fluid 
then f o r m s  p a r t  of the unmixed portion of the core  
f o r  a mean dis tance { ( m e a s u r e d  in body d iam-  
c t c r s ) ,  a f t e r  which i t  i s  homogeneously mixed with 
the remainder  of the wake by molecular  effects .  
The actual  mixing of fluid enter ing a t  a par t icu lar  
station in the wake need not occur  suddenly a f t e r  a 
dis tance <, but may he spread  o v e r  a ( smal l )  range 
of lags centered about r. 

The turbulent wake is then charac tc r ized  by 
'- -the p re s su re  (assumed constant  a c r o s s  the wake),  

and by the velocity,  densi ty ,  enthalpy and chemica l  
composition ( i f  chemis t ry  is included) of the 'hot' 

of the wake, together  with the relat ive f rac t ions  of 
each,  a s  a function of downst ream dis tance.  The 
values of the velocity,  densi ty ,  enthalpy, and 
chemica l  composition of the  inviscid g a s  a t  the 
edge of the turbulent c o r e  a r e  a s s u m e d  specified,  
together  with the total  wake width o r  a r e a .  The  
wake evolution i s  then descr ibed  by the one- 
dimensional  equations of conservat ion of m a s s ,  
momentum and energy,  by corresponding equations 
descr ib ing  the mixing lag,  and by the equations ex-  
p r e s s i n g  the chemica l  react ions in the  wake, o r  
the thermodynamic c h a r a c t e r i s t i c s  of the g a s  
(equations of s ta te )  if chemica l  react ions can be 
ignored.  In the l a t t e r  c a s e ,  which is applicable 
to wakes of re la t ively low-speed pro jec t i les  i n  
bal l is t ic  ranges  for  instance,  the equations speci-  
fying the  quasi-one dimensional  model a r e  the 
following ( z  denotes downst ream dis tance) :  

Conservat ion of Mass:  

Conservat ion of Momentum: 

. ( 2 )  

Conservat ion of Energy:  

dA = p.u .H - 
I 1 d z  

Lag Equation i n  T e r m s  of Mass :  

Lag Equation in T e r m s  of Momentum: 

d A ) - A h g = P i U i T  " 2 d A '  
d, ('huh h 

Lag Equation in T e r m s  of Energy:  

L [ ~ h u h ( h h t $ ) A j  dz  
- T =  p iu iH= ' ' dA' 

Equations of State  (assuming a per fec t  gas) :  

Y 
pchc = P h =- h h  Y - l p  

. .  

homogeneously mixed and 'cold'  unmixed portions 
@&l)i&N 3 



In the above equations, 0 . is the density of the in- 
viscid gas  at  the edge o'i the  turbulent co re ,  
u. i s  i t s  velocity,  H i t s  total  enthalpy 

2 
U. 
1 ( H  = hl t I) , and p is the p r e s s u r e .  They a r e  

all a s sumed  known, except f o r  the p r e s s u r e .  

The density,  velocity, and s ta t ic  enthalpy h 
f o r  the hot and cold port ions of the turbulent wake 
a r e  denoted by the subsc r ip t s  h and c ,  r e spec -  
tively. The  a r e a s  A and Ac a r e  the ' pa r t i a l  

a r e a s '  of hot and cold fluid, and their  sum is equal 
to the wake a r e a  A: 

h 

A + A  = A .  ( 8 )  h c  

All  unprimed quantit ies a r e  evaluated at the station 
z ,  and all p r imed  quantit ies are evaluated a t  the 
station z - (. 

Equations (4), (5),  and ( 6 )  simply e x p r e s s  
the f ac t  that  outer  fluid entering the turbulent wake 
a t  station z - < i s  homogeneously mixed with,and 
becomes  p a r t  of the hot gas  a t  station Z. 

The t e r m  T in Eq. ( 6 )  r ep resen t s  the t r a n s -  
f e r  of hea t  between the hot and cold gases  in the 
wake by molecular  conduction. If T i s  s e t  equal to 
ze ro ,  the energy  conserva t ion  equation and i t s  l ag  
counterpar t  a r e  great ly  simplified and reduce to 
the equations: 

If chemica l  react ions a r e  included a se t  of 
equations descr ib ing  the react ions mus t  be used, 
which exhibits the f ea tu re  that  chemica l  react ions 
proceed a t  different r a t e s  before and a f t e r  mixing. 

The lag dis tance ( mus t  be de te rmined  in 
o r d e r  to obtain a solution to the s e t  of Eqs. (1 )  
through ( 7 ) ,  o r  the corresponding equations includ- 
ing chemis t ry .  

The mixing lag distance < i s  equal to some 
l ag  t ime  i multiplied by the local  wake velocity u 

i. e . ,  r = u T .  The lag t i m e  T r ep resen t s  the t ime  

requi red  f o r  the turbulent velocity field to break  
down the init ial  l umps  of inviscid fluid entering the 
wake to the s i ze  a t  which molecular  diffusion takes 
over .  Thus ,  i t  i s  not unreasonable to a s s u m e  that 
T is propor t iona l  to the cha rac t e r i s t i c  t ime  fo r  the 
t r a n s f e r  of turbulence energy  f r o m  the scale  of 
the init ial  l umps  to the turbulence cut-off s ca l e .  
Combining this assumpt ion  with what i s  kno n of 
that  cha rac t e r i s t i c  t ime  for  subsonic wakes and 
with the one-third power law fo r  wake growth it i s  
possible to conclude* that the lag dis tance is a n  in- 

*A m o r e  detailed d iscuss ion  of the a rgumen t s  

, 
W 

W 

E, 

c reas ing  function of wake downs t r eam dis tance,  
and is in fact  approximately proportional to down- 
s t r e a m  distance along the wake (in a coordinate 
s y s t e m  fixed in  the body), when the intensity of 
turbulence is sufficiently high so that the eddy dif- 
fusivity i s  ve ry  much larger than the molecular  
diffusivity. F o r  lower  turbulence intensi t ies ,  the 
l ag  dis tance can be expected to i n c r e a s e  m o r e  
sharply with downst ream distance.  

L/ 

3 - Mass  and Dcnsi ty  Oscillations 
I n  tlir Mix in& - w i t h  I%JYak? h Iode I 
_______ 

The mean values of the m a s s  and electron 
density var ia t ions predicted by the p re sen t  wake 
model c a n  now be discussed.  Chemica l  react ions 
will  not be cons idered  in the p re sen t  discussion. 
The wake s t ruc tu re  is  the re fo re  specified, a t  any 
axial distance,  by specifying the fract ions of mixed 
and unmixed fluids and by specifying the i r  densi t ies  
or  t empera tu res .  H e r e  i t  i s  a s sumed ,  once m o r e ,  
that  each  of the two portions i s  cha rac t e r i zed  by a 
single t empera tu re  o r  density. 

3 .  1 - Mean Quantit ies and Mean Deviations f o r  the 
Mixing-with-Lag Wake Model 

Consider a turbulent wake consisting of a 
granular  mixture  of the s a m e  fluid a t  a given p r e s -  
s u r e  but a t  two different t empera tu res  Th and Tc.  

The p r e s s u r e  is a s sumed  constant everywhere ,  and 
T r ep resen t s  the t empera tu re  of the relatively 

C 

cold g a s  recently engulfed in the turbulent co re ,  d 
while T 

neous portion of the c o r e  gas.  
gas  densi t ies  a r e  P 

ionized the corresponding electron densi t ies  a r e  
n and n . F o r  the purpose of the p re sen t  d i s -  

cussion,  ionization equi l ibr ium is as sumed .  In 
general ,  all quantit ies Q character iz ing the wake 
fluid wil l  have two values,  Q and Q in the wake. 

i s  the t empera tu re  of the hot ter  homoge- 

The cor responding  
h 

and p , and if the wake i s  h 

e eh c 

h C 

Le t  V and V be the pa r t i a l  volumes of hot 
h 

and cold gas  in a given s l ice  of the wake of volume 
V. 
quantity Q character iz ing the wake a r e  de te rmined  
within that  s l ice  by the ex t r e~me  values of Q, i. e . ,  
Qh and Qc, and by the ratio E = V / V  which r e p r e -  

s en t s  the fract ion of cold g a s  in the wake.' I t  i s  
impor tan t  to note that the distribution of the hot 
and cold portions i s  no t . impor tan t  i n  computing the 
mean values and root mean deviations of a quantity 
Q in the wake, once E is specified. 
i l lustrated in Fig.  2. Fig.  2a depicts a representa-  
tive variation of, say the m a s s  density p along any 

a forthcoming r epor t  in which solutions descr ibing 

The mean value and root mean deviations of any 

C 

Th i s  point is  

the p re sen t  wake model a r e  a l s o  presented. u 

leading to the resul t  given h e r e  is presented  in 
@CdcllaW- 4 

+ E  may a l s o  be interpreted as the mean fract ion of 
the t ime  during which a given point in the wake s l i ce  
s l ice  i s  i m m e r s e d  in 'cold' gas.  



l ine  in the wake s l ice .  The  var ious  lengths of the 
cold (high densi ty)  port ions r ep resen t  the var ious  
s tages  of break  up of unmixed fluid which h a s  r e -  
cently en tered  the  turbulent boundary.'% Fig .  2b 
shows a dis t r ibut ion of hot and cold fluid in  which 
a l l  the sepa ra t e  hot (and cold) port ions have been 
lumped together ,  while E r ema ins  unchanged. Th i s  
dis t r ibut ion predic t s  the same mean value and root  
mean deviat ions for  any quantity Q and is the re fo re  
equivalent to the one in Fig.  2 a  f o r  the  purposes  of 
the present  computations.  

..J 

The relat ions der ived  below for  the m e a n  
value and root mean deviation of wake p rope r t i e s  
become ra the r  obvious by re ference  to Fig.  2b. 

Le t  i be the ra t io  Q 

if Q C >  Qh 
i f Q  S Q h  ( 9 )  

Qh'QC C 

of the l a r g e r  to the  smaller value of Q in the wake, 
so that  T > 1. 

The mean value of Q i s  defined as 

Q 

Q d V = ! Q  C t ( l - r ) Q c  (10) 

Simi lar ly ,  the  mean square  deviation of Q f r o m  the 
mean is: 

4 

3. 2 - .%[,plication Lo M a s s  and Elec t ron  Dt~:i.;itr 
V h r i ? t i > i i s  and The i r  In te r - re la t ions  

Letting Q T  P.  the m a s s  densi ty  in  the wake, 
Eq. ( I2a)  appl ies ,  s ince  p z p and 

c h  

2 2 € ( I - C )  ( T p - l )  
(13) 

l 2  
In addition, assuming the pe r fec t  g a s  law to 

be approximately valid (chemica l  reac t ions ,  as  
h a s  been mentioned above, a r e  neglected) ,  the 
value of T is: 

P 

T 
'c h 

' 'h Tc  
T =-e- (14) 

Letting Q ~n , the e lec t ron  densi ty  in the e 
wake, Eq. (12b) yields  

2 2 
c ( 1 - c )  ( r e - l )  

( 1 5 )  1' [;) = [ 1 t (1-6)  ( T e - l )  

s ince n 

ionization v a r i e s  quite rapidly with t empera tu re ,  
it may be assumed that  n e << ne , and consequently 

< ne , In fac t ,  because the degree  of 
c h  

e 

C h 

n 

e n  (16) 
h e 

r = ->>1.  
e 

C V 

- 2  - 2  
= '(*c - ' ( '  - ') (Qh *) . (I1) Thus,  (<r may be approximated by i t s  l imit ing 

F r o m E q s .  ( 9 ) ,  (IO) and (11) we may wr i t e  value f o r  infinite T : e 

i f  Qc > ah. 
. . . (12a) 

i f  Q c <  Qh . 
. . . (12b) 

\ - I  

Equation (12)  a o r b  e x p r e s s e s  a necessa ry  re la -  tonically increas ing  function of T - ,  so  that the .= tionship between the mean square  deviation of Q, 
the rat io  of its ex t r eme  values  Q and Q and the l imit ing value in  Eq. (17) is an  upper  l imi t  to 

C h ,. , 2 [:) for  a given value of 6. 
re lat ive proport ion c of cold fluid in the wake. The 
only requi rement  for  i t s  validity is that all but a 
negligible portion of the wake be represented  by 2 -- the values Q and Q of Q. 

C h The equations for  ( :)2 and (>) der iv rd  

e * T h e  evolution of an initiallv l a r n e  1umD of cold 
fluid is depicted schematical ly  in  F ig .  2d. above indicate that these two qnant i t i r s  h ~ v c ,  i n  

hi?ib-g 



genera l ,  quite different values in a wake. In par -  
t i cu la r ,  i t  may be noted that low values of < tend 
to make the mean mass density osci l la t ions l a r g e  
compared  to the mean electron density osci l la t ions 
and that  high values of F have a c o n t r a r y  cffect. 
T h i s  i s  s imply due to the fac t  that the mass and 
e lec t ron  densi t ies  a r e  ' inversely '  re la ted,  so to 
speak, since a high m a s s  densi ty  implies  a low 
electron density and vice versa.?: In genera l ,  i t  
can be expected that a re lat ively s m a l l  f ract ion of 
the turbulent wake will consis t  of unmixed fluid. 
It follows that  the mean square  clectron density 
var ia t ions in the wake will  be s m a l l e r  than the 
corresponding m a s s  densi ty  oscil lations.  

2 
2 

The dependence of (%) and [?) on 

~, 
L and 7 is depicted in Fig.  3, f r o m  which i t  car, he 
seen,  f o r  instance,  that  f o r  values  of T* of about 3 

2 
L 

o r  m o r e  (2) 1s lcs; than r?) for  c S 0 .  2 and 

that when rp 15,f+) - 
2 

IS l e s s  than (%) for  

T,. 
11 FL 0.4.  Note that  such valucs of T - - can be 

expected in the wakes of high speed re -en t ry  
vehicles .  

0 -  T 

The rat io  of mean square  electron to m a s s  
densi ty  osci l la t ions in the wake a s  a function of the 

'h t e m p e r a t u r e  ra t io  - T~ is shown in Fig.  4 f o r  T 

var ious  values of e .  F r o m  that f igure  i t  can he 
seen  that the value of the mean square  e lec t ron  
density osci l la t ions for  T~ = 5 and c = 0. 1 for  in- 
s tance is a l m o s t  an o r d e r  of magnitude below that 
of the m a s s  density osci l la t ions.  

c 

So f a r ,  the d iscuss ion  of m a s s  and electron 
densi ty  fluctuations h a s  deal t  with the i r  dependence 
on the f rac t ion  F of unmixed fluid in the turbulent 
wake core ,  and on the  ra t io  of t e m p e r a t u r e s  T and 
T of the relatively cold unmixed g a s  and of the 

hot te r  homogeneously mixed gas .  
of those quantit ies and the i r  var ia t ion with down- 
s t r e a m  dis tance have not been specified.  In fact ,  a 
determinat ion of those quantit ies for  the p r e s e n t  
wake mixing model  r e q u i r e s  the solution of the s e t  
of equations (1 )  through ( 7 )  which descr ibe  the mix- 
ing. However,  a s imple  es t imate  of the m e a n  value 
of the m a s s  density osci l la t ions and i t s  var ia t ion 
with downst ream dis tance may be obtained by using 
existing solutions5 for  the a x i s  and edge enthalpies 
in hypersonic  wakes based on homogeneous mixing 
models  and some es t imate  for  the mixing lag d i s -  
tance f .  

C 

h 
The actual  values 

*<The e lec t ron  density dis t r ibut ion corresponding to 
the m a s s  density dis t r ibut ion shown i n  F ig .  2h is 

Thc ax is  and edge t e m p e r a t u r e s  can be used 
to reprcsent  T and T . The wake cooling in homo- 

geneous mixing models  i s  p r imar i ly  due to the ad-  
mixture  of cold outer  fluid a s  the wake grows.  
Thus,  to a f i r s t  approximation, a l a g  in homoge- 
neous mixing of newly engulfed g a s  can be ex-  
pected to resu l t  in a corresponding lag in the c o r e  
tempera ture  decay.  Thus,  the co re  tempera ture  
T 
imately obtained f r o m  the instantaneous mixing 
solution by displacing thc la t te r  by the lag dis tance.  
The unmixed portion of the cold wake a t  /I cons is t s  

of fluid which entered the turbulent wake betwcen 
z - < and z .  Therefore ,  the tempera ture  T of thc 

'cold '  portion of the turbulent wake a t  a given 
downst ream location z can be approximately taken 
to be the mean value of the t e m p e r a t u r e  of the in- 
viscid fluid a t  the turbulent wake edge, averaged 
over  a distance behind the given station equa l  to 
the lag dis tance {. 

h C 

for  the model of mixing with lag can  he approx- h 

The a x i s  and edge t e m p e r a t u r e s  for  the tur -  
bulent wake of a sphere  traveling a t  Mach number  
8. 5, a s  computed by H r o m a s l 3  a r e  depicted in 
Fig.  5, together with the resul tant  'hot '  and 'cold '  
t empera tures  obtained by introducing a mixing lag,  
a s  d i scussed  above. 
Fig.  5 i s  j -  = 05, with 0 = 0. 3. In o ther  words ,  the 
l a g  dis tance z is a s s u m e d  to i n c r e a s e  l inear ly  with 
z, i n  accordance with the discussion of the var ia -  
tion of r in Section 2. The choice of the value of 
the coeff ic ient  0 is essent ia l ly  a r b i t r a r y  a t  this 

point, and in computing values of - f o r  the 

mixing-with-lag model s e v e r a l  values of (3 have 
been chosen (cf Fig.  6). 

The  lag dis tance selected in 

v' 

(@ 

The value of t a t  any station is determined 
by the rat io  of the volume of g a s  which en tered  the 
turbulent boundary between z and z - 
ume of gas  present  in the wake a t  Z .  If the wake 
growth i s  known, c may be computed approxi-  
mately a s  

to the vol- 

2 
lib where  A is the mean wake c r o s s  section, A = - 

4 
( b  is the wake d iameter ) .  
law fi t ted to experiment  to obtain A (z) and using 
the hot and cold t e m p e r a t u r e s  obtained a s  d i s -  

c u s s e s  previously,  the values of k predicted 

by the wake mixing model f o r  var ious values of 
the mixing lag < a r c  shown in Fig.  6 f o r  the c a s e  
of the 8. 5 Mach number sphere  wake. 
in that f igure a r e  experimental  determinat ions of 

Using a one-third power 

( A  
L' -. 

Also shown 

(%)obtained by Slat tery and Clay4 f o r  very  near ly  
\ ' I  

shown in F i g .  2 c .  
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the s a m e  velocity. It may be noted that  the theo- 
re t ica l  predict ions give good a g r e e m e n t  in t e r m s  

c u r v e ,  although they do of the shape of the 

not predict  the exper imenta l  ampli tudes and a r e  
f la t ter  than the experimental  curve .  
that  the maxima i n  all the theore t ica l  c u r v e s  occur  
virtually a t  the s a m e  downst ream location, which 
i s  very  c lose  to the apparent  maximum of the ex- 
per imenta l  curve .  The agreement  i s  regarded as 
quite encouraging, consider ing the c rudeness  of 
the computations.  

(3 
Note a l s o  

4 - Concluding R e m a r k s  

In the preceding sec t ions ,  a s imple  model fo 
the turbulent wake in which the l a t t e r  exhibits a 
granular  s t r u c t u r e  consis t ing of a mixture  of 'hot '  
and 'cold '  e lements  of fluid of var ious  s i z e s  w a s  
investigated.  Such a s t r u c t u r e  w a s  justif ied on the 
b a s i s  of physical  a r g u m e n t s  concerning the growth 
of the turbulent wake by engulfment of the neigh- 
boring inviscid wake g a s .  The wake mixing w a s  
descr ibed  in t e r m s  of a mixing lag  dis tance t 
which r e p r e s e n t s  the mean d is tance  t raveled by 
fluid entering the turbulent boundary before  i t  is  
homogeneously mixed with the turbulent c o r e  gas .  
The model a p p e a r s  to be a t  least par t ly  supported 
by the exper imenta l  evidence of l a r g e  m a s s  den-  
s i ty  osci l la t ions in the wake, and of l a r g e  values  
of thc cor re la t ion  lengths of those osci l la t ions.  
Indeed, the model pred ic t s  a var ia t ion with down- 
s t r e a m  dis tance of the amplitude of the m a s s  den- 
s i ty  osci l la t ions i n  the wake quite s i m i l a r  to that  
observed experimental ly .  The model a l s o  l e a d s  to 
the determinat ion,  through e lementary  computa-  
t ions,  of re la t ions between e lec t ron  and m a s s  
density osci l la t ions i n  wakes when local thermo-  
dynamic equi l ibr ium obtains i n  the wake. 
t icular ,  it w a s  shown that  the m e a n  square  e lec t ron  
and m a s s  densi ty  var ia t ions in  the wake a r e ,  in 
genera l ,  d i f ferent  and that the f o r m e r  a r e  gen- 
e r a l l y  significantly lower than the l a t t e r .  

In p a r -  

The  application of the model to the predict ion 
of mean values  and m e a n  osci l la t ions of the mass 
and electron dens i t ies  in wakes of hypersonic  
high speed r e - e n t r y  bodies r e q u i r e s  the inclusion 
of chemica l  react ions in the wake model. A f o r m a l  
quasi-one dimensional  formulat ion of the equations 
descr ibing the model w a s  d iscussed .  In view of the 
ini t ia l  s u c c e s s  of the s imple  calculations p e r f o r m e d  
in the p r e s e n t  paper ,  it is fel t  that a m o r e  com-  
plete investigation of the wake-mixing-with-lag 
model including chemical  r e a c t i o n s  1s worthwhile. 

The encouraging r e s u l t s  of the s imple calcu-  
la t ions a l so  suggest s imultaneous experimental  

determinat ions of ($) and [+) to provide a 
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